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In homogeneous Broadening and Rotational Relaxation
Effects in a Molecular Gas Flow Laser

J.S. Goela,* J.J. Healy,t and T.F. Morse$
Brown University, Providence, R.I.

Kinetic equations have been formulated and solved to assess the significance of inhomogeneous broadening
and rotational relaxation on a class of molecular flow lasers. In particular, criteria for the region of validity of a
rate equation formalism are obtained, and the effect of departures from a Boltzmann distribution of rotational
states is discussed. This investigation extends previous work by Cool on the gas flow molecular laser to include
collisional diffusion in velocity space as well as finite rotational relaxation. Both high and low pressure effects on
laser performance characteristics are studied in detail.
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Nomenclature
= Einstein coefficient for transition /,- ~ kt
= the cavity loss parameter
= the fraction of molecules of group 1 that

are in the terminal lasing level, =0.04
= Boltzmann factor for level 2, (n2j/n2 ) eqm
= Boltzmann factor for level 1, (nlj+1

/^ / )eqm
= rotational constant for upper lasing level
= rotational constant for lower lasing level
= dimensionless ratio of collisional line width
to Doppler width, = AvH (in 2) 1/2 /2kvD

- velocity of light, m/sec
= the energy density per unit cavity volume,
w//cm3

= error function of argument b,

rb
\Jo

- velocity distribution function of /th
vibrational level

= velocity distribution function for y'th
rotational state of /th vibrational level

= photon distribution function
= gain coefficient at line center, cm'1

= gain coefficient for nondimensional
frequency £2jlJ+ ,, cnr1

= height of the cavity
= the number of particles per unit volume,
per unit solid angle about f capable of
absorbing a photon on a line centered
about
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= the Heavyside unit step function of
argument z

- Planck's constant, joules-sec
= the local (two way)- radiation intensity,
watts/cm2

= integrated radiation intensity,

v, watts/cm2

= local saturation parameter, watts/cm2

= rotational quantum number of upper laser
level, -18forCO2at300K

= rotational quantum number of lower laser
level, = 19 for CO2at 300K

= rate constants for relaxation between
vibrational levels / and 7, sec"1 torr !

= rate constant for relaxation between y'th
rotational state of /th vibrational level and
vibrational level k, sec"1 torr"1

= Boltzmann's constant, joule/molecule K
= length of laser cavity perpendicular to flow

direction, meters
= nondimensional laser intensity as a func-

tion of position z
- a unit vector
= three components of unit vector t
= Maxwellian velocity distribution function,

= number density for vibrational level /,
molecules/cm3

= number density for jth rotational state of
/th vibrational level, molecules/cm3

= number of molecules in vibrational level 2
minus those whose rotational state is in-
volved in stimulated emission at the lasing
frequency = n2 — n2j, molecules/cm3

= total power output, watts
= maximum power output, watts
= line shape function for transition 2j «-» \J+]
- universal gas constant divided by
molecular weight, m2/sec2K

= coupling parameter, cm"1 J'1
- unsaturated coupling parameter, cm ~l J~1

-- optimum coupling parameter, cm"1 J~l

-- translational temperature of gas mixture, K
- rotational temperature, K
= mirror transmittance
= mirror transmittance for maximum power
output

= macroscopic flow velocity, m/sec
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= nondimensional macroscopic flow velocity,

v
v2jij+1

cr/

cavity volume, m3

cavity width for which laser intensity
vanishes at the end of the cavity, meters
coordinate along the cavity optical axis
convective time of the flow, ==rz/U=
z'/U',sec
distance measured in the flow direction,
meters
nondimensional distance along the flow,

'z'/WM
characteristic rate constant for the
problem, sec"1 torr1

Doppler width (full width at half
maximum), = v2JiJ+] (2RT0)Y2 (£n2)1/2

Ic, MHz
collisional line width (full width at half
maximum), MHz
collisional half width for rotational level /
7 critical
dimensionless frequency, = ( v - v2jlj+ 1 )

nondimensional molecular velocity, =£/
(2RT0)»
three components of nondimensional
molecular velocity rj
frequency, MHz
frequency of lasing transition 2j~lJ+1
(10.6 fji for C02), MHz
molecular velocity, m/sec
three components of molecular velocity £,
m/sec
elastic collision rate constant for
vibrational level /, sec"1 torr"1

elastic collision rate constant for yth
rotational state of /th vibrational level,
sec"1 torr"1

rotational relaxation rate constant for jih
rotational state of /th vibrational level,
sec"1 torr"1

characteristic time of the

(2RT0)l/2 =the velocity used to nondimensionalize
various parameters in this manuscript,
m/sec

I. Introduction

MOLECULAR lasers utilizing high-speed flowing
gases have come to be of increasing importance within

recent years.1 In particular, the CO2-N2 laser,1"4 and other
chemically excited lasers have shown promise of high gain
coupled with high efficiency. It is the purpose of this study to
examine the effects of inhomogeneous broadening and
rotational relaxation upon various laser parameters such as
power, gain, saturation intensity, and energy per unit cavity
volume. Inhomogeneous broadening effects come into play as
a consequence of the thermal motion of the gas molecules. It
becomes necessary to distinguish between those molecules
that can interact with the lasing radiation and those whose
Doppler shift is too large to permit significant interaction.
Consider, for example, a molecule whose upper and terminal
lasing levels have, in the limit, a zero homogeneous line width.
For this case, only particles with a zero component of velocity
in the direction of a resonance photon will be able to par-
ticipate in the processes of absorption or stimulated emission.
Other particles with a component of velocity in the photon
direction will be Doppler shifted and will 'see" a different
frequency. These particles do not contribute to the stimulated
emission, and there is zero power output. This occurs, as a
consequence of ' 'collisional hole filling" or velocity diffusion
effects, at pressures of the order of a fraction of a torr for
CO2 lasers.

Only when homogeneous broadening dominates do all par-
ticles participate directly in the lasing process. One of the
main purposes of this study will be to obtain a measure of the
range of densities at which the assumption of homogeneous
broadening (and the associated use of rate equations) is valid.
Some CO2 lasers operate in a region in which the ratio of
homogeneous to inhomogeneous broadening is approximately
one or larger, and chemical lasers may operate in regimes in
which the power loss due to inhomogeneous broadening may
become significant. For this reason, it is perhaps important to
have a description of laser processes that encompasses the
whole range of broadening and relaxation effects to determine
the pressure dependence of laser performance characteristics.
In order to proceed to such a goal, we must consider a descrip-
tion that properly accounts for the thermal motion of gas par-
ticles, relaxation phenomena associated with elastic collisions,
as well as inelastic rotational and vibrational energy transfer.
A laser theory using velocity-independent rate equations can-
not do this, and it is necessary to formulate a kinetic theory
involving particle distribution function and radiative effects.
This is mandatory even through the mean free path, the usual
criterion for the use of kinetic equations, may be small. Im-
portant partmeters that determine whether or not kinetic
equations should be employed are given by the ratio of
homogeneous to inhomogeneous broadening, b, the elastic
collision cross section that determines the rate at which
collisions will cause particles to diffuse (in velocity space) to
fill the hole "burned" in the velocity distribution function of
the upper lasing state, and the rate of rotational energy
relaxation. Other studies5"8 have utilized a modified rate
equation formalism to ^examine these effects in lasers with
zero flow, and it shall be our task in the following to assess
inhomogeneous broadening effects, as well as elastic and
rotational relaxation in a molecular gas flow laser system. In
essence, this paper attempts to extend some, previous results
by Cool on gas flow lasers to include inhomogeneous
broadening as well as additional relaxation effects.

II. High-Speed Flow Laser
Figure 1 shows the physical model for the laser being

studied. The flow is perpendicular to the lasing cavity. All ex-
citation is assumed to occur upstream of the cavity, so that
only relaxation effects occur in the cavity itself. This allows
greater flexibility in the scaling of such devices since the
nonlinear coupling between cavity gain and the excitation
mechanism is removed. It is also apparent that such a system
is more amenable to analysis. The flow in the cavity is one-
dimensional and isothermal. In the proper limits our results
reduce to those of Cool.

III. Molecular Relaxation and Kinetic Equations

The general model for molecular relaxation is identical to
that utilized by Cool1 and others, and is illustrated in Fig. 2.
A diatomic molecule, level 3, excited chemically, electrically,
or by means of a flow expansion, is in resonance with the
CO2 upper lasing level 2. This is the pump source for the
CO2, and this molecule might be N2 or a chemically excited
hydrogen halide. The terminal lasing level of the CO2 is in
equilibrium with several nearby states. Only a small fraction
of the particles in Group 1 is in the terminal lasing level. Fur-
ther details and discussion of this model of the CO2 laser ex-
citation are presented in Ref. 1. Although the modeling here is
with reference to the CO2 laser system, the qualitative con-
clusions may be extrapolated to describe rotational relaxation
effects and inhomogeneous broadening losses in chemical
lasers where the reactions and inversion mechanisms may be
more complex.

The necessity of using kinetic rather than rate equations has
been discussed previously, and for atomic systems these
equations have been discussed in detail elsewhere.9"11 Here we
will introduce an additional complication associated with



DECEMBER 1975 RELAXATION EFFECTS IN A MOLECULAR GAS FLOW LASER 1631

rotational energy transfer and relaxation. We assume that the
population of states 0 and 4 (see Fig. 2) does not change
significantly in the lasing cavity. Also, since quantities do not
vary appreciably in a direction parallel to the lasing cavity,
only variations in the flow direction will be considered. The
variables may thus be considered to have been averaged over
the direction of the laser cavity axis. Boundary-layer effects
are neglected.

We considered vibration-rotation transitions between the
upper and lower lasing level, as shown in Fig. 3, resonance
collisional pumping of the upper state, and relaxation effects
due to elastic collisions. Even for the simplified system in Fig.
2, this involves, in principal, a kinetic equation for each
rotational level. It is clear that further simplifying assump-
tions are to be made. However, it should be noted that no
assumption of a Boltmann distribution among the particles of
the upper or terminal lasing states will be made.

We consider first the kinetic equation for the upper
pumping state, 3.

CAV.TY MIRRORS °PT'CAL AX'S

Fig. 1 High-speed flow laser cavity description.

/ (OO'n) \

j 2 \2*L! 3' " '

=K34(M43-f3)

+K32 (M23 -f3) + o3 (M33 -f3) (1)

It is assumed that rate constants for resonance transfer are
independent of rotational quantum numbers. The terms K^
Mji represent the source terms for an in elastic encounter
between particles / and j. It is assumed that these source terms
have a Maxwellian velocity distribution, M-tj. By construction,
(Kjj/Kjt) S^ooM// d£ = nJ9 the number of particles in
vibrational state j. This assures that the first velocity moment
of the kinetic equations will yield the usual rate equations for
particle number density. The elastic collision rate constants,
a/, are large. Equation (1) also assumes that the translational
temperatures and macroscopic velocities of all species are
identical.

We consider now the kinetic equations for the upper lasing
state, 2y, and the terminal lasing state, ly+/ . These
correspond to P branch transitions.

d/^ -K n"d^-^Ll M32j ~

II
•Q

^2y

^
^2y_

^?2

^2y-A

^227 - J

~ ̂  2y/y+1 (?2//y + / (/2y ~/7y + / ) (2)

dz

i\i
M2;^7-/7y+7]

eqm J

(3)

In Eqs. (2) and (3), the first two terms correspond, respec-
tively, to changes in the/2, andflj+1 distribution functions as
a consequence of vibrational excitation or de-excitation. The
third terms represent changes in the velocity distribution func-

(0220) \

(02°0)

X (01* 0) /

0 C02 (00°0) GROUND STATE 4 GROUND STATE
DIATOMIC MOLECULE

Fig. 2 Molecular relaxation model.

-ROTATIONAL LEVELS

TERMINAL LASING LEVEL

GROUND STATE

Fig. 3 Details of collisional broadening of 2j*-*lJ+/ rotation-
vibration transition.

tion as a consequence of elastic thermalizing collisions that
tend to remove radiation-induced anisotropies in the
distribution function. The rate constant for this process is o2j
or olj+r' The terms proportional to o2jx account for
rotational energy exchange in a specific vibrational level. The
fifth terms proportional to the Einstein coefficients, A2jIJ+J,
A }J+10 account for gain and loss due to spontaneous
emission. In Eqs. (2) and (3), the Q2jIJ+} term accounts for
the effects of stimulated emission and absorption by selective
interaction with particles in a certain range of the velocity
spectrum. Thus it represents the number of photons per unit
volume capable of being absorbed by a molecule in a given
velocity range
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(4)

The line shape q2jij+l> which should be Lorentzian in the rest
frame of the molecule, is normalized such that

(5)

It is assumed that v2jiJJrl^ the lasing frequency, is at a cavity
resonance, and only one longitudinal mode is permitted to
oscillate.

The steady-state equation of radiative transfer may be writ-
ten as follows, assuming that only radiation in the 2j — lJ+I
line is of importance.

(f2j ) +fvH21 (f2j - (6)

The coupling of the kinetic equations occurs through the
Q,2jij+i and H2j terms. These are functional of/,,, and/2y
and/ /y+7, respectively. The number of particles, per unit
volume, per unit solid angle about £ capable of absorbing a
photon on a line centered about v2Jj + I is given by
f^2j (fjj+ j)» where by definition

(7)

In Eq. (6), the first term on the right-hand side represents
spontaneous emission. For an intense lasing field, this term
may be neglected for a rotation-vibration transition, and the
gain may be immediately inferred to be

2jlj+l> (8)

Summing Eqs. (2) and (3) over /, we obtain equations for the
velocity distribution functions /7 and f2 of particles in
vibrational states 1 and 2. With the kinetic equations and the
equation of radiative transfer, we may, in principle, solve for
all quantities of interest.

IV. Simplifying Assumptions
Subject to appropriate initial conditions at z = 0, the

equations developed previously are sufficient to obtain par-

\

Fig. 4 Collisional line
shape: a) true, b) modeled.

ticle densities and photon intensity as a function of position
and molecular and radiative parameters. The mathematical
complexity introduced through the integral coupling terms
Q2jlj+1 and H21 necessitates simplifications based on a
plausible physical model.

Since all significant radiation will be in the lasing tran-
sition, it will be assumed that the photon distribution is given
as follows:

d(v-v2jlj+1)d(i±ex)d(ey)d(ez) (9)

All photons propagate along the lasing axis, with a delta func-
tion in frequency. Upstream of z = 0, there is no radiation in-
tensity. Thus, only the lasing intensity must be obtained as a
function of position. The Heaviside unit step function is
represented by H(z). The consequences of this assumption
will be discussed in more detail when boundary conditions are
considered.

In Fig. 4a, the Lorentzian line shape is shown. A further
simplification is introduced whereby this is approximated by
the spectrally flat profile, as illustrated in Fig. 4b.

In order that the spectrally flat profile match the line center
results of the Lorentz profile in the limit of homogeneous
broadening, it is necessary to keep the height as well as the
half width of both profiles the same. The line shape function
can then be written as follows:

(10)

where

v2jlJ+1(2RT0Y

dimensionless ratio of collisional line width to Doppler
width.10

The collisional half widths, e/ and e2, are shown
schematically in Fig. 3. We may assess the error introduced by
this profile as follows. Were the velocity distribution function
Maxwellian, then, from Eq. (8), the gain for a spectrally flat
line shape is

For a Lorentzian profile (in the molecule's rest frame) the
gain is

b)

taking the ratio of these two as a function of b, we find
(GSF/GL)^00=1, (GSF/GL)b=0 =0.636and (GSF/GL)b=1
= 1.1. Therefore, it seems reasonable to expect, at most,
errors of the order of 30% with the introduction of the spec-
trally flat profile for very small values of b. For intermediate
values, &~0(1), this error should be less. Calculations by
Cabezas and Treat12 indicate the effects of different line
shapes on laser output.

Equation (10) allows the immediate calculation of 627/7+7
from Eq. (4) using the assumed photon distribution function
(Eq.9).

(11)

Integrating Eqs. (1-3) over all velocity space yields, using Eq.
(11), the rate equations. Assuming K43 **K34 « 0, the pumping
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rate equation becomes

(U/r) (dn3/dz)=K23n2-K32n3

The rate equation for the upper lasing level becomes

( U / r ) (dn2j/dz) =K32Bn3+K]2Brij + o2jxBn2

- (K23 + K2J + o2jx + 4irA2jlJ+ ; ) n2j

(12)

-\ 0
A2jJJ+lQ2jlj+I(f2j-flj+j) (13)

Summing this equation over all rotational states immediately
yields the equation for the population in the "2" level
vibrational state. It should be noted that the last term in the
previous equation, corresponding to stimulated emission in
the 2j — 1J+1 vibration-rotation line, is not summed. This is a
consequence of the assumption that only one line is permitted
to oscillate. Thus

U dn2

dz
=K32n3 + K12nj - (K23 + K2}+4irA2I )n2 -R(z)

where

R ( z ) =rJ -c ,A 2jiJ+! Q2jiJ+1 (f2j -

(14)

(15)

Similarly, we obtain an equation for the particles in group 1.
Thus, the kinetic equation for all particles in group 1 is given
as

(16)•(K12+K]0+KOI+4irA]0)n}+R(z)

These equations are essentially those used by Cool, with the
following differences: finite rotational relaxation effects are
present, no assumption of the ratio of n2j/n2 is made, and
collisional relaxation effects are included. Only in the limit of
the rotational relaxation parameter, o^/*"*00* will n2j/n2 be
given by the Boltzmann factor. Another important difference
is that the stimulated emission terms depend upon integrals
over the velocity distribution functions of the upper and ter-
minal laser levels. Only those particles whose velocity is such
that they are not Doppler shifted beyond

(17)

contribute directly to the gain in the assumption of a spec-
trally flat emission profile.

In obtaining the rate equations from the first moment of
the kinetic equations, terms such as (d/dz) .t-oo>?z(///r) d£
would normally appear. In this case they vanish because of
the orthogonality of the radiation-induced anistropies and
gradients in the flow direction.

At this point, an additional assumption will be made. Of
the particles in group 1, only a small percentage is in the ter-
minal lasing level. It will be assumed that conditions are far
above threshold, and that nlj+1< <n2j. This simplification
will introduce an error of less than 10% when our results, in
the proper limits, are compared with those of Cool.
Therefore, there are five unknowns, nh n2, n2j, n3, andR(z).
One additional equation must be obtained from the kinetic
equation of f2jby taking the gain moment of Eq. (2).
Operating on Eq. (2) with

We obtain the following:

U d
7 -* H» (f»h,M

erf(Z?)(^2)1/2

+K12Bnj + o2jn2j + o2jxBn2 ]

-H21 <J2J, t2jij+I) [K23 + K21

2(tn2)A2J1J+IL(z)H(z)

J+I -rjx) ]

(18)

The general moment of H21 (f2j, ^2jlJ+I) does not close the
system of equations. However, for £2jiJ+] =0, i.e., at line cen-
ter, we note that as a consequence of the spectrally flat line
shape [H(x)]2=H (*), where x is any argument of the
Heaviside function. This results in a great mathematical sim-
plification, the price for which is that detuning effects are ex-
cluded from the analysis.

Thus,

U

7
erf(6) ( f / i2 )*

-H2

X [K23 +K2, + a2j + a2jx + 4irA2jlJ+l

2A2jlJ+,L(z)H(z)(«n2)v> 1 (19)

In order for steady-state oscillation to occur in the cavity, it is
necessary that gain be constant for constant losses and con-
stant mirror transmittance. Consequently,

and

(f2j^2JlJ+l=0) a —— G(f2j,t;2jlJ+,=0) =0 (20)

(21)

or, in Cool's notation

=S*r G(0)=S*hv2jlJ+l

Equations (19-21) may be combined to yield

R ( z ) =erf(b)B(K32n3+K2In/ + a2Jxn2) +erf(b)a2Jn2J

[K23 + K2 < + 02j + 4irA2j,J+

(22)

and with Z=rz/U, the rate equations become

d«5/dZ = K23n2-K32n3

d/n2/dZ = K32n3+K,2n-l-(C'-a2j.()n2-R(Z)

dtif/dZ - E'n2-Fn,+K01(n,+n2 + n0)+R(Z)

dn2j/dZ = K32Bn3+K,2Bn1+o2jxBn2-C'n2j-R(Z)

(23)

(24)

(25)

(26)
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where B, Cr , E' , and F are listed in Appendix I. Equations
(22-26) represent the essential physics of the effects of both
homogeneous and inhomogeneous broadening, as well as
collisional and rotational relaxation, subject to the restric-
tions previously mentioned. In the homogeneous broadening
limit of b-+ oo, and thermally populated rotational states,
°2jx ~* °°> tms formulation reduces to that of Ref . 1 .

At this point, we may consider the behavior of the
relaxation equations and the gain equation in the limit of
homogeneous broadening. For the parameter 6^00, for fixed
°2jx we have G(0)~n2j; all particles in the 2j state par-
ticipate in the lasing process. Comparison of the gain
equation for R(Z) and the rate equation for n2j immediately
informs us that d«2y/dZ = 0, for any value of the relaxation
parameter. Since gain is constant in the cavity, and the upper
lasing level (far above threshold) is proportional to the gain,
n2j is fixed by cavity conditions. On the other hand, all of the
other remaining upper nonlasing rotational levels are not
necessarily constant in population as we proceed downstream.

Further information can be gained from a consideration of
o2jX' If we imagine that o2jx~Q, i.e., no rotational energy
transfer from neighboring rotational states, then R(Z) is
reduced by a Boltzmann factor when compared with the limit
a2jx~^00' In this latter limit, all rotational levels rapidly feed
energy into neighboring states, so that the upper lasing level
tends to become replenished by rotational transfer as it is
depleted by stimulated emission. For the case of o2jx-* oo, to
balance terms in the gain equation, we have

2 A2j]J+Ic2(tn2)

and n2 = const. But for this homogeneously broadened limit,
we find from Eq. (8)

2J A2jlJ+1c2(tn2)*

Consequently, we have a Boltzmann distribution, n2j/n2 =B .
Substituting this into Eq. (24), and using the fact that n2 =
const for b-+ oo, the stimulated emission term becomes,

R(Z)=K32n3+K]2nI

[K23+K2]+4irA2]]

which, when compared with the equation for a2jx^>Q, is larger
by a Boltzmann factor. As o2jx increases, all states can in-
directly participate in the lasing process by feeding the 2j state
that is depopulated by stimulated emission.

V. Boundary Conditions
We consider the state of the gas at the entrance to the lasing

cavity as known, and our task is to find the initial conditions
on the gas immediately inside the cavity in terms of these up-
stream conditions. As noted, our analysis is restricted to plane
waves within the cavity, subject to the condition that
saturated gain must equal the losses at line center. Con-
sequently, there will be an initial burst of radiation in order
that this condition be met. This rapid relaxation to meet
cavity conditions occurs on the order of the photon transit
time in the cavity, and the width of this zone is this photon
transit time tp~10~8 sec multiplied by U', the macroscopic
flow velocity. This width is assumed to be much less than any
quantity of interest in the problem, although in reality, it can
be of the order of a rotational relaxation length. It should also
be mentioned that this initial spike of radiation is not
physically observed, and is doubtlessly a consequence of the
assumption of plane waves and the attendant neglect of dif-
fraction effects. Once inside the cavity, the actual situation

should be sufficiently well approximated by a plane wave
assumption.

Using — and + to denote conditions upstream and down-
stream of the initial discontinuity, we note the following con-
ditions. The diatomic pumping molecules play no role in the
radiative discontinuity, and

"i=ri3~ (27)

Furthermore, only rotational relaxation and stimulated
emission occur across the entrance. Therefore,

nr+n2 = nj-+n} (28)

To assess the effect of the jump conditions on the density of
the upper lasing state, it is necessary to solve Eq. (8) for/2y
subject to the conditions that as &—0, no particle can interact
with the lasing radiation. As Z?-*oo all particles can par-
ticipate, and f2j will saturate uniformly, independent of
velocity. Thus,

2b

1 ~]3/2

——— J (29)
2-jrRTo

Integrating this expression with respect to velocity, we obtain

G
(30)

Subtracting Eq. (26) from Eq. (24), and neglecting vibrational
relaxation across the discontinuity yields

(31)~ -a2jxBn2x + o2jx (1 -B)n2j

Using Eq. (30) for n}J9 we obtain

2x + erf(Z?)«2-exp[ - a2jxBZ]

+ —
A^jj+jC* (KIU)" I n2j eqm

(32)

In the limit of no rotational relaxation within the initial
discontinuity, o2jxBZ< < 1 and we find that

»& = »* (33)

Our boundary conditions on n^Jt n+, n£, n$ are now deter-
mined in terms of known upstream conditions and known
parameters. Cool's boundary conditions correspond to £—00
and o2jx — oo. Thus, From Eq. (32) we obtain

n2x
eqm L A 2j, j + ; C2 ( Itl2 ) '/!

which is a Boltzmann distribution for the rotational levels.

VI. Solution of the Equations,
Spatially Homogenous Limit

We now have four first-order linear differential equations
for n j , n2, n2j1 and n3, and an algebraic expression for R(Z)
given in terms of these unknowns and the radiative
parameters. The boundary conditions within the cavity at
Z=0 + are also known in terms of given upstream (0~) en-
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trance conditions. These equations can be reduced to a fourth-
order differential equation of the form,

Rlv(Z) (Z) +y2R" (Z) + y3R' (Z)

+ y4R(Z)+a4I+a42=0 (34)

where y]9 y2, 73> 74* GL4i> and <x42, are constants independent
of Z and are given in Appendix 1. The solution of these
equations takes the form

R(Z) =

G(0)

ft7exp (mtZ) -

3 /2exp(/7?,Z)+ __J1_

The mt are the roots of the quartic

m4 + y}m3 + y2m2

(35)

(36)

Initial conditions on the derivatives of R(Z) are obtained by
repeated differentiation of Eqs. (22-26), and these determine
the coefficients ft-, . From Eq. (35) we may define, as in Ref . 1 ,
the local saturation parameter (/*) at a given position along
the flow as

22em2Z + P32em3Z + P42

Algebraic results for certain limiting cases have been ob-
tained, and in the proper limit the results reduce essentially to
those of Cool. They are too lengthy to be presented here, and
we shall illustrate a typical case numerically in Sec. VII.

The cavity oscillation conditions are identical to those of
Cool and will not be reproduced here. The power output is
given by integrating R (Z) along the cavity width, and

P = hv?
a + t R(Z)dZ (38)

Maximum power output may be obtained by setting 3P/dt =
0. Following Cool,

tm=a

max a(l-a-tm)

l-a-tn

(39)

\7U
(40)

The width at which intensity vanishes is given by WM. An op-
timum coupling parameter, or gain, is defined as follows:

L (41)

This assures that the cavity length is such that the intensity
goes to zero at the cavity exit.

The effects of o2jx has been discussed for the limiting case
of homogeneous broadening. For inhomogeneous
broadening, it will be necessary to consider numerical results.
First, however, it is perhaps of interest to examine the
spatially homogeneous limit. For this case, we obtain the
following from Eq. (34):

(42)

To assess the pressure dependence of unsaturated gain and
the local saturation parameter, we must make certain assump-

tions on the dependence of the excitation level on pressure.
With Cool, we assume that this excitation ratio n2j/n0 is in-
dependent of pressure, so as we double pressure at the cavity
inlet, we double the number of particles in the upper lasing
state. The Kijt nh and b all vary linearly with pressure. In
Cool's notation, Eq. (42) can be rearranged as

/:> (43)
where

and

*0= -oi41/oi'42 (44)

(45)

From Eq. (43), we see that the saturation dependence of gain
is that of homogeneous broadening, with a Lorentz cross sec-
tion in the rest frame of the atom. It should be noted that this
is also the form of the saturation for inhomogeneous
broadening if the assumption of a spectrally flat profile is
made. This is, as noted, a necessary assumption for closure of
the equations and permits a solution to be obtained without
having to solve for the velocity distribution function. We can
now consider the pressure behavior of unsaturated gain. From
Eq. (44) we find

Thus for small b, unsaturated gain is proportional to
pressure, and for large fb, it is independent of pressure. At
values of b> 1 the unsaturated gain is essentially
homogeneously broadened. From Eq. (45) we obtain the
pressure behavior of the local saturation parameter 7* as

where Kl and K2 are constants independent of pressure. Thus
for homogeneous broadening (b-~oo), Ts~p2 . However, for
inhomogeneous broadening there are two regimes. Because of
the large rate constants for elastic collsions and rotational
relaxation, we find that K}»K2. Thus, even for b< 1 we
still have erf (b) Kj»K2. Consequently 7* —/?. As pressure
decreases, the erf (b) decreases. For very low pressures erf (b)
Kj«K2 and 7* again varies as p2. A measure of the extent
of these two regimes of inhomogeneous broadening can be
associated with the following parameter

Tcr = >erf(Z>)[

and since

K21

For 7cr > > 1 and b < < 1, we have 7* —/?, for 7cr < < 1, 7* ~
p2. For CO2 lasers, the ratio B(o2j + a2jx)/K21 is pressure in-
dependent but is of the order of 103. Thus we see that velocity
changing collisions and inelastic rotational level changing
collisions are very important in determining the saturation
characteristics of molecular lasers.

Let us now consider the dependence of maximum power (P)
on pressure (p). If this power is proportional to the product of
saturation intensity and gain, we obtain

For 7cr < <1, the saturation behavior of P/Ap2 is erf (b).
However, for ycr»1, P/Ap2 is independent of b. Since Kj
/K2 is large for CO2, b can be quite small, and 7CT can still be
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Fig. 5 The optimum coupling parameter vs length divided by the
cavity loss for a = 0.04.
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Fig. 6 The optimum coupling parameter normalized by the value of
the proper homogeneously broadened limit (fr— oo) vs pressure.
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Fig. 7 The local saturation parameter as a function of non-
dimensional distance along the flow for various values of b.
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Fig. 8 Pressure dependence of the local saturation parameter for
as'/£/'> 0.25.

large. Thus, collisional effects extend homogeneously
broadened behavior for power /area to quite low values of b
as a consequence of compensating effects in gain and
saturation intensity.

VII. Numerical Results
In order to compare our results for the general case of

broadening with those of Cool for the homogeneously
broadened limit, numerical results are presented for the
parameters in Appendix II. First, however, it will be necessary
to obtain from Cool's parameters his effective value of b.
From Eqs. (8), we may calculate his value of gain for the
homogeneously broadened limit, and o2j x-» oo, without the
knowledge of the form of the distribution function. This is
given as

G(0) =
n2

n,l
eqm J

where a} (which corresponds to Cool's f t ) is given in Ap-
pendix II. Using the parameters of Appendix II, we find that
the value of b is 1.22. From Ref. 13, for 5.6 torr, the value of
b should be slightly greater than 1. However, more recent ex-
periments14'15 seem to indicate that &«0.6 at 5.6 torr, and it is
this value that will be used in our calculations. The Doppler
broadening for CO2 at 300K is 53 MHz. From the cross sec-
tions and molecular weights, to within about 10%, this num-
ber is independent of composition for arbitrary mixtures of
CO2, N2, and He. The other parameters that appear in ad-
dition to those in Cool's paper are a2y, the rate constant for
elastic collisions responsible for the "hole filling" effect, and
a2jx, the rate constant for rotational relaxation. The elastic
rate constant has been obtained from viscosity information on
the constituent gases and a computer program based on the
extended law of corresponding states has been used to obtain
the value of the mixture.18 The rotational relaxation constant
is obtained from information in Refs. 16 and 17, and the
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2000 -

Fig. 9 Variation of energy density per unit cavity volume with the
maximum effective nondimensional cavity width. For a particular
(7^(sec"1), at 5.6 torr the error bars indicate the variation of E when
only b is changed as a parameter (0.075<b<3.0).

values for o2j and o2jx are 0.7924 x 107 sec'1 torr1 and 0.8673
x 107 sec"1 torr'1, respectively.

In our numerical results, one root of Eq. (36) was obtained
to a high degree of accuracy using Newton's method, and the
remaining roots were obtained by solution of the resulting
cubic equation. As a consequence of the small difference of
two large numbers appearing in _the exponents, it was
necessary to use double precision on a CDC 6600 in order to
obtain stable results.

In Fig. 5 we see the optimum coupling parameter as a func-
tion of LI a, the length divided by the cavity loss. The
parameters of Appendix II have been used to illustrate and
compare with the results of Cool. The discrepancy between
Cool's curve and our homogeneous limit is due largely to a
more correct value of b. We clearly see the effect of b in
reducing the optimum coupling parameter, i.e., the optimum
gain. We should note that the value of b is chosen correspon-
ding to that of CO2, and that as b is varied, we are actually
varying pressure. Thus, Z? = 0.6 as noted above, corresponds
to 5.6 torr, Z? = 0.3 corresponds to 2.8 torr, etc. It is assumed
that as pressure changes, the initial excitation ratio, n2j/n0,
remains constant. To within an accuracy of less than 4%, it is
seen in Fig. 6 that this optimum coupling parameter, nor-
malized by the value of the proper homogeneously broadened
limit (b-+oo) is independent of length. The gain decreases
significantly for small b and, indeed, is proportional to b or
pressure in the inhomogeneously broadened limit. As noted,
this does not have the serious consequences for power output
that we initially might have suspected, at least for the case of
optimum width due to compensating factors in the product of
gain and intensity. In Fig. 7 we see the saturation intensity as a
function of azfIU' and b. There is no asymptote, and the
saturation intensity increases with b2 for b>2. These results
are well known. A more concise illustration of the pressure
dependence of the saturation intensity is shown in Fig. 8,
where (Il/b2)H denotes a value of 75* for a given b, for b>2.
Only for values of b < 1 do inhomogeneous broadening effects
become prominent.

I 2 3

C A V I T Y LENGTH L (meters)—-
Fig. 10 Variation of total power output per unit effective cavity
cross-sectional area vs cavity length (a = 0.04). For a particular value
of ^^(sec"1), the error bars indicate variation of PmyXL/HWM as
Z?(and hence pressure) is changed, when these curves have been
rescaled by the square of the pressure so as to obtain all the curves at
5.6 torr.
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Fig. 11 Total power output divided by cavity height, macroscopic
flow velocity and pressure as a function of length (a - 0.04).

The energy density per unit cavity volume may be defined
as follows:

R ( Z ) dZ



1638 GOELA, HEALY, AND MORSE AIAA JOURNAL

HOMOGENEOUS BROADENING ( b > 3 . 0 )

,o" ———————————————

^ c/r
13
2
I-
QL
O

I017

"T T"

Fig. 12 Variation of optimum coupling parameter, SJ^, with the
maximum effective nondimensional cavity width for homogeneous
broadening (5>3.0), ^^(sec"1) is varied as a parameter.
Pressure = 5.6 torr.

4000
HOMOGENEOUS BROADENING (b * 3.0)

T

Fig. 13 Effects of variation in rotational relaxation constant, a2jx
(sec"1), on local saturation parameter for homogeneous broadening
(b > 3.0) and pressure - 28.0 torr.

These results are shown in Fig. 9. For the values of Appendix
II, p = 5.6 torr, if we imagine that b is a variable parameter,
there is less than 5°7o variation in energy density until pressure
is of the order of a few tenths of a torr. For pressures above
this level, as noted in the qualitative estimates of Eq. (34),
there are practically no inhomogeneous effects. This is a con-
sequence of the "diffusional" hole filling cited by T. Kan and
G. Wolga.19

More important variations occur as a consequence of finite
rotational relaxation rates. In Fig. 9 we see that for o2jx > 107

sec"1 at 5.6 torr, the relaxation is almost fast enough so that
all levels contribute indirectly to the lasing intensity. The
calculations here regard o2jx as a variable parameter. Values
of a2jx lower than ~ 106 sec"1 are perhaps unphysical, since
rotational relaxation is always quite rapid but there can be

even a noticeable power loss for a2jx~106 sec 7 , which is
only three orders of magnitude faster than vibrational
relaxation. These curves are calculated for the boundary con-
ditions that do not allow rotational relaxation in the initial
discontinuity. These boundary conditions, as discussed
above, differ from those of Cool. In Fig. 9, for comparison's
sake, Cool's boundary conditions are used for a2/x-*oo, and
our numerical results are compared with his. The slight dif-
ference is largely a consequence of our neglect of the particles
in the \J+1 state of the lower lasing level.

In Fig. 10 we see the power output per unit area as
calculated from Eqs. (39) and (40). For the normalization of
the ordinate of Fig. 10, there is no additional influence of
inhomogeneous broadening until, again, pressure becomes of
the order of a few tenths of a torr. Until this lower limit, the
Pmax/WMH is proportional to pressure squared. The effects
of reducing the rate of rotational relaxation is significant as
the relaxation shifts from an equilibrium (o2jx — oo) value to
a frozen (<72yx-*0) value. For comparison, the results of
Cool's curve and our calculations with his boundary con-
ditions are shown. The discrepancy between our numerical
result and those obtained by Cool occur largely as a con-
sequence of approximations made in the solution of Eq. (34),
Ref. 1.

Although Fig. 10 shows essentially no b dependence beyond
that of the/?2 behavior of power, WM is dependent upon the
value of b for a given length, so that total power does vary
with b. In Fig. 11 we see this effect on total power output. The
additional reduction in total power (as a consequence of an in-
crease in WM) becomes significant for lower pressure.

Finally, in Figs. 12 and 13 again for the parameters of Ap-
pendix II, we see the effects of changing the rotational
relaxation on I* and S*M. Decreasing oejx slows the rate at
which energy can flow from rotational levels to the upper
lasing level. In Fig. 13, although it is not evident with the ab-
cissa scale used,/J (o2jx =5x 106, Z = 0) /fs (o2jx =5x l0 7 ,
Z = 0)«l.

VIII. Conclusions
An attempt has been made to study the effects of

inhomogeneous broadening and rotational relaxation o~< a
general class of gas flow molecular lasers. A kinetic ra er
than rate equation approach was used to account properly for
particle motion and velocity changing elastic collisions that
fill the hole "burned" in the velocity distribution function of
the upper lasing level. The Lorentz line profile (in the rest
frame of the absorbing or emitting molecule) was ap-
proximated by a spectrally flat line shape. The radiation
within the cavity has been assumed to consist of uniform
plane waves. Only those systems are considered for which the
initial excitation processes are uncoupled from the subsequent
relaxation processes. We may draw the following conclusions.

1) The total power output is directly proportional to the
flow velocity V and height H.

2) Total power output per unit effective cavity cross-
sectional area for a given length of cavity for a CO2 laser
varies approximately (within 5%) as the square of the
operating pressure for £>.075 and for rotational relaxation
parameter, o2jx> 107 sec"1 (at 5.6 torr). The gas temperature
and composition are assumed to be fixed and the same initial
percentage of excited molecules are to be maintained for dif-
ferent pressures. The important parameter that determines
power loss due to inhomogeneous broadening is not erf(£) but
erf (b) B (a2j + a2jx) /K21 -ycr. If ycr»1 the power per
unit area decreases as pressure squared, whereas if ycr < < 1 it
will decrease more sharply, approximately as the cube of
pressure.

3) Decreasing the rotational relaxation parameter, o2jx
decreases laser power output, as excited molecules in the up-
per vibrational level of CO2 remain confined to rotational
levels other than upper lasing level and we have a non-
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Boltzmann distribution. For a2jAr>i07 sec'1 (at 5.6 torr),
complete rotational equilibrium can be assumed to yield a
Boltzmann distribution.

4) Subject to the conditions of (2), the total power output is
directly proportional to pressure for &>0.6. For b< <0.6,
depending upon the length, power decreases sharply as a con-
sequence of additional inhomogeneous broadening effects.
Power exhibits a pressure dependence different from that of
power per unit are since the optimum width is pressure depen^
dent.

5) The local transmitted power output and the local
saturation parameter start at very high initial values (at Z
= 0 + ) and decay exponentially in a four-stage relaxation
process. For inhomogeneous broadening the initial stage is
characterized by a time constant associated with the elastic
collisions and rotational relaxation that tend to fill the hole
"burned" in the velocity distribution function of the upper
laser level. The time constant is approximately (erf (b)
a2j + o2jx)~l. This relaxation stage is absent for homogeneous
broadening. The next three stages occur for both
homogeneous as well as inhomogeneous broadening. For
inhomogeneous broadening the second stage is dominated by
rotational relaxation, though both elastic velocity-changing
and inelastic rotational level-changing collision processes
replenish the upper laser level. This replenishment for
molecular system with rotational fine structure takes place via
successive collisions that change both rotational quantum
numbers and velocities such that radiative interaction is
enhanced. For o2jx-~0, the numerical results indicate that the
time constant for this stage is essentially independent of a2y,
whereas for any a2jx> the time constant depends on both o2j
and a2jx. For homogeneous broadening the elastic collisions
are unimportant and the time constant for this stage is ap-
proximately [ o2jxB ] ~l.

The third stage is characterized by a time constant (T)
associated with the rate of (V-*V) transfer of energy to the
upper laser level from the vibrationally excited diatomic
molecules. This time constant is dependent upon o2jx. For
o2jx> 107 sec'1 (at 5.6 torr), r« (K32)~l whereas for 02jx-+0,
T~ (BK32)'1. Thus the time constant differs by a Boltzmann
factor, which is not surprising.

The fourth stage overlaps the third and has a time constant
(T) characterized by the relaxation rate of level 1 to the ground
state by (K—>7) energy transfer processes. This time constant
{r« ( K10 +KOJ)~l} is independent of a2jx.

6) The local saturation parameter varies as the square of the
pressure for b> 1.2 and pressures >6.0 torr. There is an in-
termediate region for 0.001 <6<0.6 where the local
saturation parameter varies as pressure. For very small values
of b it again is proportional to the square of pressure. The
parameter that determines the extent of the latter two regimes
is 7cr ~. erf (b) B (o2j + o2jx) /K21. For inhomogeneous
broadening, if ycr > >1, b < <1, the saturation parameter
varies linearly with pressure, whereas if ycr < < 1, the
saturation parameter is proportional to the square of the
pressure.

n2

Appendix I

2hcB" hcB"
exp - — —— J(J+2)

K1R ( K1R

nlj+l

"l eqm

hcB'

2hcti'
l~gj+1 kTR

f T-i. J\ f T-i. 9\ i

where
gj =2J+1, gJ+1=2(J+l)+l

C' =K23 +K21 + o2jx

E' =K2]-KOI+4<jrA2]

F =K]2+K]0+K0]+4irA}0

yi = K32 + 2Cf + - BK12 erf (&)

72 = F( K32 +2C' + o2j erf(Z>) + o2jx (Berf(b) -1)}
+K32 { 2C' + (K23 + o2jx ) (flerf (fc) - 1 ) + <

-K12Berf(b)(2Cf +o2j) +K]2E' (erf (£)£-/)
+ a2jxBerf(b)(Cf +o2j)+(C' -o2jx) (Cf +a2jerf(b))

=.F(K32(2C' + (K23 + o2jx) (Berf(b)-l)

+ C' { C'+a2

+ o2j er f (b) - 2BK12 er f (b) }
-K12B erf(b)Cr + o2J -E' ) -E'K12 ]
+K32[o2jeYf(b)(B-l)(K23 + a2jx)
-E'K12 +K]2Berf(b) (E' - a2j) ]

74 =K32(FC'{C'+a2jerf(b)+(K23 + o2j

-K12Cf ( C' Serf (b) + a2jB erf (b)-Ef (Berf(b)-l)
+Fa2jerf(b)(B-l)(K23 + a2jx)

£/2C" (C' + G2j)

°- (C'+a2J)C'K32

{F(K2I+4TrA2jlJ+1)-E'K12}

= (G(0)/hV2jlJ+l> *>42

Appendix II: Constants at pressure = 5.6 torr

./i7=2.0x 1016cm'3,

/72-=1.22xl016cm'3,

1016cm'3,

1016cm'3

j =350K

S72=2.28x 102cm2/J

k21 =9.44 x 102sec'1, £yo = 5.52x lO^ec'1

k32 =2.12 x 104sec-!, k34 < <k32 (k23 ^0)

k]2 = 1 sec'1 k01 = 2.24 x 102sec'1

. a=1.359x

B "= 0.3874 tspont. =5. 38 sec

a j =0.04

viscosity of mixture18 - 168. 3 x 10'6gm cm'1 sec'1

a2j = 4.44 x lO 7 sec'1

o2jx =4.86 x 107 sec'1 (Refs. 16, 17)

(2/?r0)*=336m/sec
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c=2.998 xl010cm/sec

h = 6.6262 x 10-34joules/sec

B=(n2j/n2)eqm= 0.0685
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